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Using a theory of large amplitude collective motion, the adiabatic self-consistent collective coordi-
nate method, we derive reaction path for the fusion process at sub-barrier energies. The collective
Hamiltonian to describe the fusion process is constructed, based on the obtained reaction path and
canonical variables. We study the reaction of N = Z stable nuclei, α+16O, 16O+16O, and α+12C. The
results suggest that, after two nuclei touch, the reaction path is significantly deviated from the simple
relative motion, which may affect the deep sub-barrier fusion cross section.
KEYWORDS: sub-barrier fusion, collective motion, ASCC, TDHF, energy density functional
theory
1. Introduction
It has been a long-standing problem in nuclear theory to give a non-empirical description of
low-energy nuclear reaction, starting from a quantum many-body Hamiltonian. Recently, we see sig-
nificant developments in the real-time simulation using time-dependent Hartree-Fock (TDHF) and
time-dependent Hartree-Fock-Bogoliubov (TDHFB) theories [1–8]. However, the real-time simu-
lations are not applicable to low-energy quantum reactions, such as sub-barrier fusion reaction and
spontaneous fission. This is due to a lack of full quantum nature in the TDHF(B) dynamics. To recover
the missing quantum fluctuation in particular modes, the requantization of the TDHF(B) dynamics is
a useful idea [2, 9].
The first major task is to identify specific degrees of freedom to quantize. This is not trivial
for low-energy collective motion in nuclear physics. In order to achieve this goal, we use a method
based on the adiabatic self-consistent collective coordinate (ASCC) method [2, 10–13]. The ASCC
method consists of a set of equations for collective submanifold associated with “slow” collective
motion, decoupled from intrinsic degrees of freedom of “fast” motion. The solution of those equations
provides a series of time-even Slater determinants which are located on the collective submanifold.
In this manner, we are able to extract the collective degrees of freedom for requantization.
The next task is to perform the quantization. Since we obtain a series of Slater determinants to
span the collective subspace, we may consider superposition of those states to take into account the
quantum fluctuation associated with the collective motion. The idea, which is similar to the generator
coordinate method (GCM) [14], sounds attractive. However, starting from an effective Hamiltonian
with density dependence, it is not as straightforward as we may think [15–17]. In general, what we
start from is the energy density functional (EDF), instead of the Hamiltonian, then, the Hamiltonian
kernel for the GCM is not well defined. Furthermore, there is no guarantee that dynamical effects
are properly taken into account by superposing only time-even Slater determinants. In the case of
center-of-mass motion in the GCM, the use of complex generator coordinates is necessary to repro-
duce the correct total mass, implying that a pair of collective coordinate and momenta should be
simultaneously treated as generator coordinates [14, 18].
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In the present paper, we adopt another approach, namely, construction of the collective Hamil-
tonian with a few collective variables. The ASCC method provides us with generators of canonical
collective variables (q, p) and collective inertial masses, in addition to the time-even Slater determi-
nants parameterized as |Φ(q, p)〉. The inertial mass in the ASCC method takes into account effect of
the time-odd mean fields. Therefore, it reproduces the exact total mass for the center-of-mass motion.
Utilizing this procedure, we may construct the collective Hamiltonian to describe the low-energy nu-
clear reaction. Since it is given in terms of the small number of canonical variables, the quantization
is rather easy. We adopt the standard Pauli’s prescription for the canonical quantization.
This paper is organized as follows. In section 2, we give basic equations of the ASCC method. In
section 3, some details of the numerical procedure are shown. Then, the result for the nuclear fusion
reaction at sub-barrier energies is presented in section 4. Finally, the summary and the perspectives
are given in section 5.
2. Self-consistent collective coordinate method
2.1 Basic principles
Marumori and coworkers proposed the self-consistent collective coordinate (SCC) method, in
order to formulate a theory for the large amplitude collective motion without assuming adiabaticity
[19]. In the original formulation of the SCC method, collective coordinates and collective momenta
are equally treated, then, basic equations determining the collective submanifold are derived from
a condition of maximal decoupling of the collective motion from other non-collective degrees of
freedom. In this subsection, we recapitulate the basic principles of the SCC method.
Let us consider a TDHF state |φ(t)〉 describing a collective motion. If this collective motion is
decoupled from other intrinsic degrees of freedom, the state |φ(t)〉 is confined in a “collective sub-
manifold” parameterized by (qi, pi) with i = 1, · · · , K, embedded in the full TDHF phase space
parameterized by (ξα, piα) with α = 1, · · · , M (K ≪ M). The time evolution of |φ(t)〉 is governed by a
small number of collective coordinates q(t) and collective momenta p(t)
The SCC method are based on the “invariance principle of the TDHFB equation”, which requires
that the TDHF equation of motion is invariant in the collective submanifold.
δ 〈φ(q, p)|
{
i
∂
∂t
− Hˆ
}
|φ(q, p)〉 = 0. (1)
Here, the variation δ is given by all possible particle-hole excitations with respect to the state |φ(q, p)〉.
In the first sight, this looks the same as the well-known time-dependent variational principle. In fact,
if we take “tangential” variations on the collective submanifold, we obtain the Hamilton equations of
motion
dqi
dt
=
∂H
∂pi
,
dpi
dt
= −
∂H
∂qi
, (2)
where the total energy H(q, p) ≡ 〈φ(q, p)| Hˆ |φ(q, p)〉 plays the role of the classical collective Hamil-
tonian. This determines the time dependence of q(t) and p(t).
On the other hand, for Eq. (1), variations “normal” to the submanifold determine states |φ(q, p)〉,
namely a decoupled collective submanifold itself. Equation (1) can be rewritten as
δ 〈φ(q, p)|
{
Hˆ −
∂H
∂pi
◦
Pi(q, p) −
∂H
∂qi
◦
Qi(q, p)
}
|φ(q, p)〉 = 0, (3)
in terms of the local infinitesimal generators defined by
◦
Pi(q, p) |φ(q, p)〉 = i
∂
∂qi
|φ(q, p)〉 , (4)
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◦
Qi(q, p) |φ(q, p)〉 = −i
∂
∂pi
|φ(q, p)〉 , (5)
which are one-body operators. We call (3) “equation of collective submanifold”. The canonicity con-
dition, that (q, p) are the canonical variables, can be written as
〈φ(q, p)|
◦
Pi(q, p) |φ(q, p)〉 = pi +
∂S
∂qi
, (6)
〈φ(q, p)|
◦
Qi(q, p) |φ(q, p)〉 = −
∂S
∂pi
, (7)
where S (q, p) is an arbitrary differentiable function of q and p [19, 20].
2.2 Expansion with respect to collective momenta
In this paper, we study the sub-barrier fusion reaction. At least, near the touching point, we
can assume that the relative motion of two nuclei are much slower than the intrinsic single-particle
motion. Thus, we may take a kind of adiabatic limit, using the expansion with respect to the collective
momenta p. It is called “adiabatic SCC (ASCC) method” [10].
Now, we define the state at the limit of p → 0, |φ(q, p)〉 → |φ(q)〉. Then, we express the TDHF
state |φ(q, p)〉 as
|φ(q, p)〉 = exp
{
ipiQˆ
i(q)
}
|φ(q)〉 , (8)
where Qˆi(q) are one-body operators corresponding to infinitesimal generators of pi locally defined at
the state |φ(q)〉, namely, Qˆi(q) |φ(q)〉 =
◦
Qi(q, p = 0) |φ(q)〉. Similarly, we may define the generators of
qi at |φ(q)〉 as Pˆi(q) |φ(q)〉 =
◦
Pi(q, p = 0) |φ(q)〉.
In the adiabatic limit, it is convenient to adopt the function, S (q, p) = constant. This fixes the
canonical coordinate systems within the ambiguity of point transformation [20]. Under the point
transformation, the quadratic form of the kinetic energy terms are invariant. Thus, we expand the
classical collective Hamiltonian up to the second order in momenta.
H(q, p) = V(q) +
1
2
Bi j(q)pi p j, (9)
V(q) = H(q, p = 0), Bi j(q) =
∂2H
∂pi∂p j
∣∣∣∣∣∣
p=0
.
The collective inertial tensors Bi j(q) are defined as the inverse matrix of Bi j(q), Bi jB jk = δik. With
this choice of the function S , the canonicity conditions (6) and (7) lead to the weak canonical variable
condition,
〈φ(q)|
[
Qˆi(q), Pˆ j(q)
]
|φ(q)〉 = iδi j.
From the equation of collective submanifold (3), we may derive the following three equations, as
the zeroth, first and second order in momenta, respectively [2, 10].
δ 〈φ(q)| HˆM(q) |φ(q)〉 = 0, (10)
δ 〈φ(q)|
[
HˆM(q), Qˆi(q)
]
−
1
i
Bi j(q)Pˆ j(q) +
1
2
[
∂V
∂q j
Qˆ j(q), Qˆi(q)
]
|φ(q)〉 = 0, (11)
δ 〈φ(q)|
[
HˆM(q),
1
i
Pˆi(q)
]
−Ci j(q)Qˆ j(q) −
1
2
[[
HˆM(q),
∂V
∂qk
Qˆk(q)
]
, Bi j(q)Qˆ j(q)
]
|φ(q)〉 = 0. (12)
Here, HˆM(q) represents the moving Hamiltonian
HˆM(q) = Hˆ −
∂V
∂qi
Qˆi(q), (13)
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and
Ci j(q) =
∂2V
∂qi∂q j
− Γki j
∂V
∂qk
, (14)
Γ
k
i j(q) =
1
2
Bkl
(
∂Bli
∂q j
+
∂Bl j
∂qi
−
∂Bi j
∂ql
)
. (15)
For Eq. (12), we use the the derivative of Eq. (10) with respect to q j to eliminate dQˆi/dq j. These
equations are the basic equations for the ASCC method.
2.3 One-dimensional case and collective Hamiltonian
In the case of one-dimensional (K = 1) collective path, the last term in Eq. (11) vanishes. In the
present paper, we also neglect the last term in Eq. (12) for simplicity. Then, Eqs. (11) and (12) are
simplified as
δ 〈φ(q)|
[
HˆM(q), Qˆ(q)
]
+ iB(q)Pˆ(q) |φ(q)〉 = 0, (16)
δ 〈φ(q)|
[
HˆM(q), iPˆ(q)
]
+C(q)Qˆ(q) |φ(q)〉 = 0. (17)
Here, we omit the indices, i = j = 1. Solving these equations, we determine the microscopic struc-
ture of the generators, Qˆ(q) and Pˆ(q). Then, the zeroth-order equation (10) determines the state |φ(q)〉.
Since HˆM(q) contains the operator Qˆ(q), the solution should be self-consistent, simultaneously satis-
fying Eqs. (10), (16), and (17).
The solutions of Eqs. (16) and (17) provide us not only the local generators Qˆ(q) and Pˆ(q), but
also the collective inertial mass B(q) and the curvature C(q). Using the obtained inertial mass, we
may write the collective Hamiltonian as
Hc(q, p) =
1
2
B(q)p2 + V(q), (18)
where the potential is given by V(q) ≡ 〈φ(q)| Hˆ |φ(q)〉.
3. Numerical procedure
In this paper, we study low-energy fusion reaction at sub-barrier energies. We employ Bonche-
Koonin-Negele (BKN) energy density functional [21]. This functional assumes the spin-isospin sym-
metry without the spin-orbit interaction. Therefore, each orbit has the four-fold degeneracy. We adopt
the Cartesian grid representation of square mesh of 1.1 fm in the rectangular box [22]. The model
space is set to be 12 × 12 × 18 fm3 for the reaction 16O+α →20Ne and 12C+α →16O, 12 × 12 × 24
fm3 for the system 16O+16O→32S. More details can be found in Refs. [23, 24].
3.1 Collective reaction path
It is significantly facilitated by an approximation to sacrifice the full self-consistency among Eqs.
(10), (16), and (17). Instead, we adopt Qˆ(q+δq) ≈ Qˆ(q) for Eq. (10). Since Qˆ(q) is a smooth function
of q, this is reasonable for a small step size δq. With this approximation, the Hamiltonian HˆM(q+ δq)
is now given by HˆM(q + δq) ≈ HˆM(q) = Hˆ − λ(q)Qˆ(q). The Lagrange multiplier λ(q) is determined
by the constraint on the step size,
〈φ(q + δq)| Qˆ(q) |φ(q + δq)〉 = δq. (19)
We use the imaginary-time method for solution of Eq. (10). In this way, the system moves from |φ(q)〉
to |φ(q + δq)〉, obtaining a new state |φ(q + δq)〉 on the collective path.
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The finite amplitude method [25–29] is used for solution of Eqs. (16) and (17). Solving Eqs. (16)
and (17) at |φ(q + δq)〉, the generators are updated from Qˆ(q) to Qˆ(q + δq). Then, we construct the
next state, |φ(q + 2δq)〉, by solving Eq. (10) with the Hamiltonian HˆM(q + 2δq) ≈ HˆM(q + δq) =
Hˆ −λ(q+ δq)Qˆ(q+ δq). Continuing this iteration, we will obtain a series of states, |φ(q = 0)〉, |φ(δq)〉,
|φ(2δq)〉, |φ(3δq)〉 , · · · , forming a collective path. The solution of collective path converges when |δq|
is small, which justifies the adopted approximation, Qˆ(q + δq) ≈ Qˆ(q).
The initial state to start this procedure can be chosen as any state satisfying Eqs. (10), (16), and
(17). There are some states which obviously satisfy these conditions; a stationary state of the fused
system (Hartree-Fock ground and meta-stable states), and the state of two well separated nuclei before
collision. We obtain many solutions of Eqs. (16), and (17), among which we choose the Qˆ(q) and Pˆ(q)
of the lowest mode of excitation at these initial states. Then, at |φ(q + δq)〉, we choose Qˆ(q + δq) and
Pˆ(q + δq) close to Qˆ(q) and Pˆ(q). In other words, we assume a smooth and continuous reaction path.
3.2 Mapping to the relative distance between projectile and target
Since the scale of the collective coordinate q is arbitrary, the inertial mass M(q) with respect to q
is also arbitrary. In the asymptotic region where the two colliding nuclei are well apart, it is natural to
adopt the relative distance r between projectile and target as the collective coordinate. The definition
of the relative distance becomes ambiguous after the two nuclei touch. However, this does not matter
in the present approach. As far as the one-to-one correspondence between q and r is guaranteed, the
collective Hamiltonian in the coordinate r
H˜c(r, pr) =
1
2
B˜(r)p2r + V˜(r) (20)
is equivalent to Eq. (18), whatever the definition of r is. Here, the potential is given as V˜(r) = V(q(r))
and the momentum as pr = p · dq/dr. The inertial mass should be transformed to
B˜(r) = B(q)
(
dr
dq
)2
. (21)
Here, the derivative dr/dq can be obtained by use of the local generator Pˆ(q) as,
dr
dq
=
d
dq
〈φ(q)|rˆ|φ(q)〉 = 〈φ(q)|[rˆ,
1
i
Pˆ(q)]|φ(q)〉. (22)
As a merit of this coordinate transformation from the original q to the intuitively chosen r, we may
obtain a intuitive physical picture of the collective dynamics. Nevertheless, the dynamics are equiva-
lent.
Equation (20) looks at first glance that we do not need to find the collective submanifold (the co-
ordinate q). However, to achieve the proper inertial mass and the potential, we need to know B(q) and
V(q) calculated on |φ(q)〉. We should note the difference between “mapping to” and “assuming” the
collective coordinate: V˜(r) is different from the potential obtained with the constrained minimization
for 〈φ| rˆ |φ〉 = r. B˜(r) is not the inertia along the coordinate direction of r.
4. Sub-barrier fusion reaction
4.1 16O+α→20Ne and 16O+16O→32S
For these reactions, the results are shown in Ref. [24]. We recapitulate the result in this subsection.
For the 16O+α system, we successfully obtain the reaction path to connect the ground state of
20Ne and 16O+α asymptotically. The ground state of 20Ne is calculated as a deformed nucleus with a
prolate shape. The lowest mode of excitation corresponds to the K = 0 octupole vibration. According
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to the ASCC method, we calculate the reaction path which smoothly ends up at 16O+α. This smooth
reaction path cannot be obtained by the Hartree-Fock calculation with the mass quadrupole operator
as a constraint operator.
The calculated inertial mass for the relative distance r, M(r) = 1/B˜(r), exactly matches the
reduced mass (3.2mN) for 16O+α at the limit of r → ∞, and increases as r decreases. Near the
ground state of 20Ne, M(r) shows a peculiar rising, which indicates that the reaction path becomes
almost orthogonal to the relative distance r. See Eq. (21). With dr/dq → 0, we have B˜(r) → 0 and
M(r)→ ∞.
For the 16O+16O case, the reaction path leads to a meta-stable state in 32S, namely the prolate
superdeformed local minimum. We tried to extend the path toward a more compact shape, however,
we could not reach the ground state of 32S. In the present calculation, the ground state of 32S has a
triaxial shape with γ = 36◦.
The calculated inertial mass for the relative distance r, again, exactly matches the reduced mass
(8mN) for 16O+16O at r → ∞. Then, M(r) increases as r decreases after the touching. M(r) reaches
about twice of the reduced mass near the superdeformed local minimum in 32S. Beyond this point, it
shows a rapid increase and the collective reaction path stops.
We requantize the collective Hamiltonian of Eq. (18), or equivalently, (20), then, calculate the
fusion cross section at sub-barrier energies. The result indicates the importance of the dynamical
inertial mass. Compared to the calculation with a constant reduced mass, the one with M(r) pro-
duces smaller fusion cross section at deep sub-barrier energies. Especially, for the 16O+16O case, the
reduction factor could be two order of magnitude at very low energy.
4.2 12C+α
In this subsection, we present somewhat preliminary results for the reaction of 12C+α. The ground
state of 12C has an oblate shape. Thus, even if we consider only the central collision, there are ori-
entation degrees of freedom to choose for this reaction. Here, we consider the case with the axial
symmetry, namely, the alpha particle colliding head-on to the center of the disk (12C).
At the spherical ground state of 16O, the lowest mode of excitation corresponds to the octupole
vibrational mode. There are seven degenerate modes with different magnetic quantum numbers K of
Y3K. We choose the K = 0 mode to keep the axial symmetry. Then, we may construct the ASCC
collective path up to the state with the octupole moment Q30(q) ≡ 〈φ(q)| r3Y30 |φ(q)〉 ≈ 150 fm3.
However, the frequency ω2(q) = B(q)C(q) quickly increases near this ending point and we cannot
construct the path beyond that. We also try to find the collective path from the opposite limit, namely
well-apart 12C and α. In this case, we obtain the self-consistent path up to Q30(q) ≈ 300 fm3. How-
ever, we find difficulties to select the proper generator Qˆ(q) beyond this point toward smaller Q30. In
fact, beyond these ending points, the state becomes triaxial and we cannot keep the axial symmetry
satisfied in a region of 150 . Q30 . 300 fm3.
The density distribution profiles near these two ending points are shown in Fig. 1. We may rec-
ognize a structure of 12C+α in both panels (a) and (b). Between these two states, the 12C nucleus tries
to rotate to break the axial symmetry. This may be natural because the α particle is able to touch the
12C nucleus at larger r, if we tilt the 12C nucleus. Currently, it is not clear to us whether there is a
reaction path connecting these two ending points.
The obtained potential and inertial mass are presented in Fig. 2. In the top panel of Fig. 2, we also
show the results of the constrained Hartree-Fock (CHF) calculation with the mass quadrupole Q20
and octupole Q30 constraints, for comparison. The Q20-constrained calculation produces no octupole
deformation near the ground state of 16O, then at a certain point, it starts to produce the octupole
deformation. The ASCC calculation produces the smooth potential curve from the separated 12C+α
toward the touching region. On the other hand, the CHF calculations produces discontinuous potential
curves in the region of 1, 000 . Q30 . 1, 500 fm3. This indicates a clear advantage of the ASCC
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Fig. 1. Density distribution in the y = 0 plane on the col-
lective path for 12C+α →16O, at (a) Q30 = 150 fm3, and (b)
Q30 = 300 fm3.
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Fig. 2. Top panel: Potential energy as a
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12C+α →16O. The red solid line represents
the result of the ASCC method, while the
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spect to the relative distance r, as a function
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method over the conventional constrained calculations.
The calculated inertial mass shows a behavior similar to previous cases of 16O+α (bottom panel
of Fig. 2). Near the ground state of the fused system 16O, the inertial mass rapidly increases. This
suggests the property of the collective coordinate, that q is approximately orthogonal to r near the
ground state. In the asymptotic region of r → ∞, M(r) is identical to the reduced mass, 3mN . This is
a desired feature because the relative distance r should be a collective coordinate in the asymptotic
region, then, the inertial mass should be equal to the reduced mass.
5. Summary
We have investigated the fusion reaction dynamics at sub-barrier energies, with the adiabatic
self-consistent coordinate (ASCC) method using the BKN energy density functional. The numerical
calculation is based on the imaginary-time method and the finite amplitude method in the three-
dimensional Cartesian mesh representation. We have successfully constructed the reaction path for
the sub-barrier fusion reactions for 16O+α and 16O+16O, keeping the axial symmetry. On the other
hand, the reaction path for 12C+α seems to be significantly deviated from the axial symmetric con-
figuration after two nuclei touch. We have not succeeded to obtain the self-consistent reaction path
for this system, so far.
The obtained reaction paths are always continuous. This is in contrast to the constrained Hartree-
Fock calculation with a fixed constraint operator. The inertial mass always reproduces the reduced
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mass in the asymptotic region (r → ∞). The ASCCmass corresponds to the Thouless-Valatin mass at
the Hartree-Fock minima, which is known to reproduce the exact mass for the center-of-mass motion
[14]. Our result suggests the collective motion is very different from the simple relative motion, after
the touching point. Therefore, the inertial masses with respect to the relative distance r show a rapid
increase, which leads to a hindrance of the sub-barrier fusion cross sections.
This work is supported in part by JSPS KAKENHI Grant No. 25287065, by Interdisciplinary
Computational Science Program in CCS, University of Tsukuba, and by JSPS and NSFC under the
Japan-China Scientific Cooperation Program.
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